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Abstract. A C*-algebra is determined to a great extent by the partial order of its com¬ 
mutative C*-algebras. We study order-theoretic properties of this dcpo. Many proper¬ 
ties coincide: the dcpo is, equivalently, algebraic, continuous, meet-continuous, atomistic, 
quasi-algebraic, or quasi-continuous, if and only if the C*-algebra is scattered. For C*- 
algebras with enough projections, these properties are equivalent to finite-dimensionality. 
Approximately finite-dimensional elements of the dcpo correspond to Boolean subalgebras 
of the projections of the C*-algebra. Scattered C*-algebras are finite-dimensional if and 
only if their dcpo is Lawson-scattered. General C*-algebras are finite-dimensional if and 
only if their dcpo is order-scattered. 


Introduction 


C*-algebras play a role in many areas. They arose from quantum mechanics, but can be 
created in canonical ways from many other mathematical objects. Time and again, passing 
from the input object to the resulting C*-algebra retains many salient features. In this way 
C*-algebras have advanced the study of graphs |Rae05| . minimization of automata [BKP12] , 
semantics of linear logic [DR95) . geometry of interaction |Girll| . bisimulation of labelled 
Markov processes |MOPWO~4l ISD801 IKoz81l IMP091 ILS91| . and operational semantics of 
probabilistic languages [DHW031 [DW06j . as well as quantum information theory [Key02 . 

A recently successful programme is to study a C*-algebra A through the partial order 
C{A) of its commutative C*-subalgebras. This partial order determines the C*-algebra to a 
great extent |Hamlll 1DH151 lHR14j , and has therefore become popular as a substitute for 
the C*-algebra itself [Heul4bl Spil2 ILinl51 Reyl2 IBH141 Reyl4 IBH121IHLS091 IHaml51 
IHeul4cl IHeul4a| . The intuition is clearest in the case of quantum theory. There, the C*- 
algebra models all observations one can possibly perform on a quantum system. However, 
not all observations may be performed simultaneously, but only those that live together in 
a commutative C*-subalgebra C. There is an inherent notion of approximation: if C C D, 
then D contains more observations, and hence provides more information. 


1998 ACM Subject Classification: [Theory of computation]: Semantics and reasoning - Program seman¬ 
tics - Categorical semantics; Models of computation - Quantum computation theory. 

Key words and phrases: Commutative C*-subalgebra, scattered space, algebraic domain. 
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This sort of informational approximation is more commonly studied in domain the¬ 
ory |AJ94j . As we are speaking of a continuous amount of observables, but in practice only 
have access to a discrete number of them, we are most interested in partial orders where 
every element can be approximated by empirically accessible ones. Domain theory has a 
variety of notions modelling this intuition. We show that they all coincide in our setting, 
as the following are equivalent: 

• the C*-algebra A is scattered (Section [TJ) ; 

• the partial order C(A) is algebraic (Section [2]); 

• the partial order C(A) is continuous (Section [3]); 

• the partial order C(A) is meet-continuous (Section [4]); 

• the function C(f) is Scott-continuous for each injective ^-homomorphism /: B —> A; 

• the partial order C(A) is atomistic (Section [5]); 

• the partial order C(A) is quasi-algebraic (Section [6]); 

• the partial order C(A) is quasi-continuous (Section [6j). 

This makes precise exactly ‘how much approximate finite-dimensionality’ on the algebraic 
side is required for these desirable notions of approximation on the domain-theoretic side. 
It is satisfying that these notions robustly coincide with the established algebraic notion of 
scatteredness, which is intimately related to approximate finite-dimensionality. 

We also study finite-dimensionality of A in terms of the partial order C(A ): 

• a C*-algebra A is finite-dimensional if and only C(A) is Lawson-scattered (Section 0; 

• a C*-algebra A is finite-dimensional if and only if C(A) is order-scattered (Section [8]); 
Finally, we study how such approximations respect projections, which form an important 
part of traditional C*-algebra theory (Section [9]): 

• a C*-algebra A with enough projections (a so-called AW*-algebras) is finite-dimen¬ 
sional if and only if C(A) is continuous, if and only if C(A ) is algebraic; 

• the partial order Caf(^) of commutative approximately finite-dimensional C*-sub- 
algebras of a C*-algebra A is isomorphic to the domain of Boolean subalgebras of 
the projections of A. 

For related but different work, see also [DD031 IDDP031 IRenl41 IChol41 I AV93( lAbr05j . 

1. C*-ALGEBRAS 

For detailed information about C*-algebras, we refer to |Dav91i |RK83| : here we briefly re¬ 
call the ingredients we need. To introduce the idea intuitively, consider transition systems 
with n states. These can be represented as n-by-n matrices with entries 0 or 1. Linking 
two transitions becomes matrix multiplication (over the Boolean semiring {0,1}, so with 
maximum instead of addition), and reversing transitions becomes matrix transpose. La¬ 
belled transition systems have transition matrices for each action in a whole set of labels. 
More generally, probabilistic transition systems can be represented as matrices with nonneg¬ 
ative real entries. Linking transitions is again matrix multiplication, reversing transitions 
is matrix transpose, and labelled Markov systems have different such probability matrices 
for transitions between states for a whole set of labels [Pan09] . More generally still, quan¬ 
tum systems replace probabilities by complex numbers, that now model the amplitude of 
one computational state evolving into another I.M('()()[ . (Taking the absolute square of the 
amplitudes recovers the probabilistic case.) Linking transitions is still matrix multiplica¬ 
tion, reversing transitions is conjugate transpose. Again, one can have different transition 
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matrices for different computation steps. This leads to the algebra of all 2 n -by-2 n complex 
matrices; the transition matrices together generate a subalgebra. C*-algebras define such 
operational semantics for situations with possibly infinitely many states rather than n < oo. 
The star refers to the reversal operation. Here are the definitions. 

Definition 1.1. A norm on a complex vector space V is a function || — ||: V [0, oo) 
satisfying 

• \\v\\ = 0 if and only if v = 0; 

• ||Au|| = |A|||u|| for AgC; 

• ||u + u;|| < ||u|| + ||u;||. 

A Banach space is a normed vector space that is complete in the metric d(v, w ) = ||u — ui||. 

Example 1.2. An inner product on a vector space V is a map (— | —): V x V —> C that: 

• is linear in the second variable; 

• is conjugate symmetric: (v \ w) = (w \ v); 

• satisfies (v \ v) > 0 with equality only when v = 0. 

An inner product space V is a Hilbert space when the norm ||u|| = yj(v \v) makes it a 
Banach space. For example, C n with its usual inner product is a Hilbert space. 

Definition 1.3. A complex vector space A is a (unital) algebra when it carries a bilinear 
associative multiplication A x A —>• A with a unit 1 £ A satisfying lo = a = al. ft is 
commutative when ab = ba for all a, b G A. A *-algebra is an algebra with an anti-linear 
map *: A —> A satisfying: 

• (a*)* = a ; 

• (ab)* = b*a*. 

A C*-algebra is a *-algebra that is simultaneously a Banach space with: 

• ||ob|| < \\a\\\\b\\; 

• ||a*a|| = ||a|| 2 . 

Example 1.4. As mentioned, the set of all n-by-n complex matrices is a C*-algebra, with 
the star being conjugate transpose. The infinite-dimensional version is this: the space B(H) 
of all continuous linear maps a: H —> H on a Hilbert space H is a C*-algebra as follows. 
Addition and scalar multiplication are defined componentwise by a + b: v i-A a(v) + b(v), 
multiplication is composition by ab: v a(b(v)), and 1 is the identity map t)4v. The 
star of a: H —> H is its adjoint, i.e., the unique map satisfying (v \ a(w )) = (a*(v) \ w) for 
each v,w G H. The norm is given by ||a|| = sup{||a(u)|| | v G H, ||u|| = 1}. Notice that this 
C*-algebra is noncommutative (unless H is one-dimensional). 

The previous example is in fact prototypical, as the following theorem shows. A linear 
map /: A —>• B between C*-algebras is a unital *-homomorphism when f(ab) = f(a)f(b), 
f(a*) = /(a)*, and /(1) = 1. If / is bijective we call it a *-isomorphism, and write A ~ B. 
Every ^-homomorphism is automatically continuous, and is even an isometry when it is 
injective (RK831 4.1.8]. A C*-algebra B is a C*-subalgebra of a C*-algebra A when B C A, 
and the inclusion B —> A is a unital ^-homomorphism. Since the inclusion must be an 
isometry, it follows that every C*-subalgebra of A is a closed subset of A. 


Theorem 1.5 (Gelfand-Neumark). [TakOOi 9.18]. Any C*-algebra is *-isomorphic to a 
C*-subalgebra of B(H) for a Hilbert space H. □ 
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The above C*-algebra is noncommutative. Here is an example of a commutative one. 

Example 1.6. The vector space C n is a commutative C*-algebra under pointwise oper¬ 
ations. It sits inside the algebra B(C n ) of n-by-n matrices as the subalgebra of diagonal 
ones, illustrating Theorem 11.51 The infinite version is as follows. Write C(X) for the set 
of all continuous functions f:X —> C on a compact Hausdorff space X. It becomes a 
commutative C*-algebra as follows: addition and scalar multiplication are pointwise, i.e., 
f + g: x i-a f(x) + g(x), multiplication is componentwise fg:x*-> f(x)g(x), the unit is the 
function x i—> 1, the star is f*: x i->- f(x), and the norm is ||/|| = sup^gjf 

The above example is again prototypical for commutative C*-algebras. 

Theorem 1.7 (Gelfand duality). [TakOO l 1.3.10, 1.4.4, 1.4.5]. Any commutative C*-algebra 
is *-isomorphic to C(X) for some compact Hausdorff space X, called its spectrum. □ 

The previous theorem extends to a categorical duality, but we only need the following. 

Proposition 1.8. Let A be a commutative C*-algebra with spectrum X. If X —>• Y is a 
continuous surjection onto a compact Hausdorff space Y, then Y is homeomorphic to the 
spectrum of a C*-subalgebra of A. Conversely, if a C*-subalgebra of A has spectrum Y, 
there is a continuous surjection X —> Y. 

Proof. If q: X —> Y is a continuous surjection, then B = {/ o q j / £ C(T)} is a C*- 
subalgebra of A. Conversely, if B is a C*-subalgebra of A, define a equivalence relation 
on X by setting x y if and only if b(x) = b(y) for each b € B. The quotient Y = X/^ B 
is a compact Hausdorff space and it follows that C{Y) is *-isomorphic to B. For details, 
see jWeaOll 5.1.3]. □ 


Commutative C*-subalgebras. We now come to our main object of study. The usual 
way of approximating labelled transition systems by simpler ones is to identify some bisim¬ 
ilar states, that is, to take a certain quotient of the (topological) space of states [ PanOiL . 
|DD03| . In the commutative case, this comes down to considering C*-subalgebras by the 
previous proposition. When generally describing (quantum) systems C*-algebraically, ob¬ 
servables become self-adjoint elements a = a* G A. These correspond [ TakOfll 4.6] to 
injective *-homomorphisms C(a(a)) —>• A via the spectrum of a, the compact Hausdorff 
space 

o(a) = {A £ C | a — A1 a is not invertible}, 

linking observables to commutative C*-subalgebras. The following definition captures the 
main structure of approximation on the algebraic side. 

Definition 1.9. For a C*-algebra A, define 

C(A ) = { C C A | C is a commutative C*-subalgebra}, 
partially ordered by inclusion: C < D when CCD. 

Let us consider some elementary domain-theoretic properties of C(A) now. For detailed 
information about domain theory, we refer to [ AJ941 ]GHK + fl3] . Let C be a partially ordered 
set. We think of its elements as partial computations or observations, and the partial order 
C < D as 11 D provides more information about the eventual outcome than C”. With this 
interpretation, it is harmless to consider downsets , or principal ideals , instead of C € C: 

fC = {D eC \ D <Cj. 
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Dually, it is also of interest to consider upsets, or principal filters, consisting of all possible 
expansions of the information contained in C £ C: 

fC = {D £C | D >C}. 

This extends to subsets V C C as: 

iV= J ID, t V= IJ t D. 
d&v Dev 

If V has a least upper bound in C, it is denoted by \J V. Furthermore, V is called directed 
if for each D\,D 2 £ T> there is a D% £ T> such that D\,D 2 < D$. This can be interpreted 
as saying that the partial computations or observations in V can always be compatibly 
continued without leaving T>. We write C = \J T> when T> is directed and has C as a least 
upper bound. Similarly, we write /\ T> for a greatest lower bound, when it exists. For 
two-element sets V we just write the meet f\{D\, D 2 } as D\ A D 2 . 

Definition 1.10. A partially ordered set C is a directed-complete partial order (dcpo) if 
each directed subset of C has a least upper bound. 

Proposition 1.11. If A is any C*-algebra, then C(A) is a dcpo. 

Proof. The least upper bound \J Di of a directed subset {D,} C C(A ) is the closure (J Di of 
JDj. In particular, if A is finite-dimensional, then \J D t = (J D*. See also |Spil2;. □ 

The assignment A 1 —> C(A) also extends to functions. A function / between partially 
ordered sets is monotone when C < D implies f(C) < f(D ); an order isomorphism is 
a monotone bijection with a monotone inverse. A unital ^-homomorphism /: A —>• B 
maps (commutative) C*-subalgebras C C A to (commutative) C*-subalgebras f[C] C B 
[ RK83 , 4.1.9]. Thus C extends to a functor from the category of C*-algebras and unital 
*-homomorphisms to that of dcpos and monotone functions by C(f): C 1 —> f[C]. The 
property in the following proposition is also called Scott continuity. 


Proposition 1.12. If f: A —>• B is a unital *-homomorphism between C*-algebras, then 

V C(f)[Di\ = C(/)( \/ Di) 
for any directed subset {Di} C C(A). 

Proof. Since C(f) is monotone, C(f)[D] is directed. Now 

f[\jD t ]=f 


U a c/[ua]=|J{/[a]}, 


where the inclusion holds because unital *-homomorphisms are continuous. Conversely, 


U(/IA]} = / [U 


Di 


Qf 


Ua 

/[Va] =/[Va 


where the last equality holds because C*-subalgebras are closed. Hence 


V{/[a]} = LJ{/[a]} = /[Va 


which finishes the proof. 


□ 
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The dcpo C{A) is of interest because it determines the C*-algebra A itself to a great 
extent. The following theorem illustrates this; see also [DH15I [Linl5l IHeul4bl iHamll] , 

Theorem 1.13. |Harnl 11. 3.4]. Let A, B be commutative C*-algebras. An arbitrary order 
isomorphism ip: C(A) —» C(B ) allows a *-isomorphism f: A B with C(f ) = ip that is 
unique unless A is two-dimensional. □ 

It already follows that for arbitrary C*-algebras A, the partial order on C(A ) determines 
the C*-algebra structure of each individual element of C(A). Indeed, if C € C(A), then \.C 
is order isomorphic to C(C), and since C is a commutative C*-algebra, it follows that the 
partially ordered set \.C determines the C*-algebra structure of C. 

Approximate finite-dimensionality. In practice, within finite time one can only mea¬ 
sure or compute up to finite precision, and hence can only work with (sub)systems described 
by finite-dimensional C*-subalgebras. Therefore one might think that the natural extension 
is for the finite-dimensional C*-subalgebras to be dense in the whole C*-algebra. 

Definition 1.14. A C*-algebra A is called (locally) approximately finite-dimensional when 
for each ai,..., a n € A and e > 0 there exist a finite-dimensional C*-subalgebra B C A and 
b\,... ,b n € B such that ||a, — bi || < e for any i = 1,..., n. 

Let us point out that we do not, as some authors do, restrict approximately finite¬ 
dimensional C*-algebras to have countable dimension. (See also jFKIOj .l It turns out 
that a countably-dimensional C*-algebra A is approximately finite-dimensional precisely 
when A = U ?i eN^ n f° r a sequence D\ C D 2 C • ■ ■ of finite-dimensional C*-subalgebras. 
These can be classified in several ways, for instance by means of Bratteli diagrams |Bra72] 
or by K-theory |WQ93j . The following lemma shows that the notions of approximate 
finite-dimensionalitv of |Bra72] and |Kus m coincide in the commutative case. Namely, a 
commutative C*-algebra is approximately finite-dimensional if and only if its spectrum is 
totally disconnected: that is, when its connected components are exactly the singletons. 
Countable-dimensionality gives the additional requirement that the spectrum be second- 
countable |Bra74l Proposition 3.1]. 

Lemma 1.15. The following are equivalent for a compact Hausdorff space X: 

• C(X) is approximately finite-dimensional; 

• X is totally disconnected; 

• C(X) = U Di for a directed set {Di} of finite-dimensional C*-subalgebras ofC(X). 

Proof. Assume C(X ) is approximately finite-dimensional and let 1 , 1/6 X be distinct points. 
Urysohn’s lemma gives / € C{X) with f(x) = 1 0 = f(y). By Definition 11.141 there 

exist a finite-dimensional C*-subalgebra B and g € B with \\f — g\\ < This implies that 
g(x) g(y). Since B is finite-dimensional, Lemma [3T3l below makes the set {y € X \ V/ 6 
B : f(x) = f(y)} clopen. Hence x and y cannot share a connected component, and X is 
totally disconnected. 

Next, let X be totally disconnected. Distinct points x, y € X induce a clopen subset 
C Cl containing x but not y. Hence the characteristic function of C is continuous, and thus 
a projection. So the projections of C(X) separate X. It follows from the Stone-Weierstrass 
theorem that the projections span an algebra B that is dense in C(X). Let Di be the 
algebras spanned by finitely many projections and lx- This clearly gives a directed family 
that consists solely of finite-dimensional C*-subalgebras and has least upper bound B , so 
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(J Di = C(X). Finally, if there is a directed set of finite-dimensional C*-subalgebras whose 
union lies dense in C(X), it follows easily that C(X) is approximately finite-dimensional. □ 

Example 1.16. Let X be the Cantor set. Then C(X) is an approximately finite-dimensional 
commutative C*-algebra of countable dimension. Since there exists a continuous surjection 
X —>■ [0,1], there is a C*-subalgebra of C(X ) that is ^-isomorphic to C([0,1]) by Proposi¬ 
tion 11.81 This C*-subalgebra is not approximately finite-dimensional because [0,1] is not 
totally disconnected. 

The following useful lemma explains the terminology ‘approximately’ by linking the 
topology of a C*-algebra to approximating C*-subalgebras. 

Lemma 1.17. [WQ931 Proposition L.2.2] Let A be a C*-algebra and T> a directed family 
of C*-subalgebras with A = (J T>. For each a £ A and e > 0, there exist D £ V and x £ D 
satisfying ||a — x|| < e. If a is a projection, i.e., a = a? = a*, then x can be chosen to be a 
projection as well. □ 

It will turn out that approximate finite-dimensionality of A does not correspond to 
nice order-theoretic properties of C(A). We will need the following more subtle notion. In 
general, we will use quite some point-set topology of totally disconnected spaces, as covered 
e.g. in |OHK+O3| . 

Definition 1.18. A topological space is called scattered if every nonempty closed subset 
has an isolated point. 

Equivalently, a topological space X is scattered if there is no continuous surjection 
X —> [0,1] [ Sem7l . Theorem 8.5.4]. Scattered topological spaces are always totally dis¬ 
connected, so commutative C*-algebras with scattered spectrum are always approximately 
finite-dimensional. 

Example 1.19. Any discrete topological space is scattered, and any finite discrete space 
is additionally compact Hausdorff, but there are more interesting examples. 

The one-point compactification of the natural numbers is scattered, as well as compact 
Hausdorff. This is homeomorphic to the subspace | n £ N} U {0} of M under the usual 
Euclidean topology. 

More generally, any ordinal number a is scattered under the order topology. A basis 
for this topology is given by the intervals {d | (5 < 6 < 7 } for ordinals / 3,7 < a. If a is a 
limit ordinal, then a + 1 is furthermore compact Hausdorff fSS70l Counterexample 43]. 

There is also an established notion of scatteredness in general C*-algebras A, which 
can be defined as follows |Jen77| . A positive functional on A is a continuous linear map 
f: A — > C satisfying f(a*a) > 0. The space of positive functionals of unit norm forms a 
convex set, whose extremal points are called pure. A C*-algebra is called scattered when 
each positive functional can be written as the countable sum of pure positive functionals. 

Example 1.20. An operator / £ B(H ) on a Hilbert space H is compact when it is a limit 
of operators of finite rank. If H is infinite-dimensional, the compact operators form a proper 
ideal K(H) C B(H), and all self-adjoint elements of K(H ) have countable spectrum |Con90l 
VII.7.1]. It follows that the C*-algebra K(H ) + Cl h is scattered |Hur78] . 

The following theorem connects the notions of approximately finite-dimensional alge¬ 
bras, scattered topological spaces, and scattered C*-algebras. 
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Theorem 1.21. The following are equivalent for C*-algebras: 

(1) A is scattered; 

(2) each C G C(A) is approximately finite-dimensional; 

(3) each C G C(A) has totally disconnected spectrum; 

(4) each maximal C £ C{A) has scattered spectrum; 

(5) no C € C(A) has spectrum [0,1]. 


Proof. The equivalence between (1) and (2) follows from [KuslOl 2.2], and the equivalence 
between (2) and (3) is proven in Lemma 11.151 Assume that all maximal commutative 
C*-subalgebras have scattered spectrum. Since by Zorn’s lemma every commutative C*- 
subalgebra is contained in a maximal one, it follows from [FHH + 01 12.24] that all commu¬ 
tative C*-subalgebras have scattered and hence totally disconnected spectra. Conversely, 
suppose that every commutative C*-subalgebra has totally disconnected spectra and let 
C be a maximal commutative C*-subalgebra. Since every C*-subalgebra of C has totally 
disconnected spectrum, there can be no C*-subalgebra of C with spectrum homeomorphic 
to [0,1]. It now follows that C has scattered spectrum [Sem71l 8.5.4], which establishes 
the equivalence of (3) and (4). We show that (1) implies (5) by contraposition. Assume 
that A has a commutative C*-subalgebra with spectrum [0,1], and write a: [0,1] —>• [0,1] 
for the self-adjoint element a(x) = x of A. Because a (a) = [0,1] is uncountable, A cannot 
be scattered. Finally, we show that (5) implies (4) by contraposition. Assume that some 
maximal commutative C*-subalgebra M has non-scattered spectrum X. Then there is a 
continuous surjection X —> [0,1], and it follows that M, and hence A , has a commutative 
C*-subalgebra whose spectrum is (homeomorphic to) [0,1]. □ 


2. Algebraicity 

In this section we characterize C*-algebras A for which C(A ) is algebraic. First recall 
what the latter notion means. Consider elements B,C of a depo C. The element C could 
contain so much information that it is practically unobtainable. What does it mean for B 
to approximate C empirically? One answer is: whenever C is the eventual observation of 
increasingly fine-grained experiments , then all information in B is already contained in 
a single one of the approximants Di. More precisely: we say that B is way below C and 
write B -C C if for each directed subset {Di} of C the inequality C <\J Di implies that 
B < Di for some i. Define: 

}C = {B gC \ B <^C}, fC = {B GC | C^B}. 

With this interpretation, C is empirically accessible precisely when C <C. Such elements 
are called compact , and the subset they form is denoted by K{C). 

Definition 2.1. A depo is algebraic when each element satisfies C = \J (JC(C) nj-C*). 

We start by identifying the compact elements of C(A). If K is a closed subspace of a 
compact Hausdorff space X, define 

Ck = {/ G C(X) | / is constant on K}, 

which is clearly a C*-subalgebra of C(X). The following lemma gives a convenient way to 
construct directed subsets of C(A). 
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Lemma 2.2. Let A be a C*-algebra, and C C A a commutative C*-subalgebra with spectrum 
X. If P C X is finite, then 



Up open neighbourhood o/p} 


is a directed family in C{A) with supremum C. 


Proof. If Up and V p are open neighbourhoods of p, then so is U p fl V p . Moreover 


u p n v p c u p n v p c u p , 


and so Ctt C CV 


Similarly Cyr C C U rV . Hence fj Cy^ and fj Gy - are both contained 
in P| Cjj rV , making the family directed. 

To show that the supremum is C(X), it suffices to show that the supremum separates all 
points of X by the Stone-Weierstrass Theorem |RK83l 3.4.14]. First, the supremum clearly 
contains all constant functions, since x i —> 1 is in every member of the family. Second, if 
/ is in the supremum implies that f* is in the supremum, assume that / € fl Cy-. Then 


/ is constant on each U p . Hence so is /*, which is therefore also in fi\Cy~. If / is in the 
supremum, there is a sequence of f\, fa,... with f n in some P| CW—. Hence also f £f| CW—. 

u Pn u Pn 

Since lim„_^oo \\fn — f* || = lim n _»oo ||/ n - f\\ = 0, we find f* in the supremum. 

Finally, let x and y be distinct points in X ; we will show that /(x) f(y) for some / 
in the supremum by distinguishing two cases. For the first case, suppose x,y £ P. Since 
P is finite, it is closed, as is P \ {x}. Hence {x} and P \ {x} are disjoint closed subsets in 
X, and since X is compact Hausdorff, there are open subsets U and V containing x and 
P \ {x}, respectively, with disjoint closures. Because U is an open neighbourhood of x and 
V is an open neighbourhood of p for each p € P \ {x}, it follows that Cy fl Cy is in the 
family. But Urysohn’s lemma provides a function / € C(X) satisfying f(U) = {0} and 
f(V) = {1}. Hence / is constant on U and on R, so / € Cy n Cy. Since y € P \ {x} C V, 
we find f(x) = 0^1 = f(y). 

For the second case, suppose x 0 P, and proceed similarly. Regardless of whether 
y £ P or not, {x} and P U {y} are disjoint closed subsets, hence there are open sets U 
and V containing {x} and P U {y}, respectively, with disjoint closures. Since V is an open 
neighbourhood of p for each p £ P, we find that Cy is in the family. Again Urysohn’s 
lemma provides a function / € C(X) satisfying f(U) = {0} and f(V) = {1}, and since / is 
constant on V, we find / € Cy, and again /(x) 7 ^ f(y). □ 


We can now identify the compact elements of C(A) as the finite-dimensional ones. 


Proposition 2.3. Let A be a C*-algebra. Then C € C(A ) is compact if and only if it is 
finite-dimensional. 


Proof. Suppose C is compact, and write X for its spectrum. Let x € X and consider 
D = {Cy | U is an open neighbourhood of x}. 

It follows from Lemma 12.21 that T> is directed and C(X) = V T>. Because C is compact, it 
must equal some element Cy of V. Since C(X) separates all points of X, so must Cy. But 
as each / € Cy is constant on U, this can only happen when U is a singleton {x}. This 
implies {x} = U, so {x} is open. Since x G X was arbitrary, X must be discrete. Being 
compact, it must therefore be finite. Hence C is finite-dimensional. 

Conversely, assume that C has a finite dimension n. Then it is generated by a finite 
set {pi,... ,p n } of projections that is orthogonal in the sense that p t pj = 0 for i j. Let 
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V C C(A ) be a directed family satisfying C C \J V. Since each projection pi is contained 
in \J V, using Lemma 11.171 we may approximate \\pi — p\\ < \ with some D G T> and some 
projection p G D. Since projections p: X —> C can only take the value 0 or 1 , P Pi implies 
||pi — p|| = 1, so we must have p = pi. Hence there are D\,... , D n G V such that pt G D{. 
Since V is directed, there must be some D G V with D i,... , D n CD. So p\,... ,p n G D, 
which implies that CCD. We conclude that C is compact. □ 

This leads to the following characterization of algebraicity of C(A). 

Theorem 2.4. A C*-algebra A is scattered if and only ifC(A) is algebraic. 

Proof. By Proposition 12.31 and Lemma 11.151 the dcpo C(A) is algebraic if and only if each 
C G C(A) is approximately finite-dimensional. By Theorem 11.211 this is equivalent with 
scatteredness of A. □ 


3. Continuity 

In this section we characterize C*-algebras A for which C(A ) is continuous. 

Definition 3.1. A dcpo is continuous when each element satisfies C = V j, C. 

We start with two lemmas govern the equivalence relation on a compact Hausdorff 

space X defined by x y if and only if b(x ) = b(y) for each element b of a C*-subalgebra 

B C C{X). 

Lemma 3.2. Let X be a compact Hausdorff space and let B C C(X) a C*-subalgebra. 

Each equivalence class \x\b is a closed subset of X. 

Proof. The proof of Proposition 11.81 shows that the quotient X/^ B is compact Hausdorff. 

If q is the quotient map, then q(x) = [x\b, which is closed since q is a closed map, being a 

continuous function between compact Hausdorff spaces. □ 

Lemma 3.3. For a compact Hausdorff space X and C*-subalgebra B C C{X): 

(1) B is finite dimensional if and only if [x\b C X is open for each x G X; 

(2) if X is connected, B is the (one-dimensional) subalgebra of all constant functions 
on X if and only if [x\b is open for some x G X; 

(3) if B is infinite-dimensional, there are x G X and p G [x\b such that B ^ on 
each open neighbourhood U Cl of p. If X is connected, this holds for all x G X. 

Proof. Fix X and B. 

( 1 ) Let q: X —> X/^ B be the quotient map. By definition of the quotient topology, 
V C X/^b is open if and only if its preimage 9~ 1 [P] is open in X. We can regard 
[x\b both as a subset of X and as point in X/~ B - Since [x\b = 9 _1 [{[^]r}]) we find 
that {[a;]#} is open in X/^ B if and only if [x\b is open in X. Hence X/^ B is discrete 
if and only if [x]b is open in X for each x G X. Now is compact, being a 

continuous image of a compact space. It is also Hausdorff by Proposition [TTHJ Hence 
X/^b is discrete if and only if it is finite. Thus each [ x\b is open in X if and only 
if B is finite-dimensional. 
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(2) An equivalence class [x]b is always closed in X by Lemma 13.21 Assume that it is 
also open. By connectedness X = [x\b, so f(y) = f{x) for each / £ B and each 
y £ X. Hence B is the algebra of all constant functions on X, and since this algebra 
is spanned by the function x H > 1, it follows that B is one dimensional. 

Conversely, if B is the one-dimensional subalgebra of all constant function on X, 
then for each / £ B there is some A € C such that f{x) = A for each x £ X. Hence 
f{x) = f(y) for each x,y £ X , whence for each x £ X we have [x]b = X, which is 
clearly open. 

(3) Assume that B is infinite-dimensional. By (i) there must be some x £ X such that 

[x\b is not open. Hence there must be a point p £ [x\b such that U ^ [x\b for each 
open neighbourhood U of p. If X is connected, (ii) implies that [x\b is not open 
for any x £ X, so p can be chosen as an element of \x\b for each x £ X. In both 
cases, we have U <£. [x\b for any open neighbourhood U of p, hence there is q £ U 
such that q [x\b- We have y £ [x\b if and only if f{x) = f(y) for each f £ B. So 
p £ [x\b, and q ^ [x\b implies the existence of some f £ B such that f(p) / f{q)- 
That is, there is some f £ B such that / is not constant on U, so / is certainly not 
constant on U. We conclude that for each open neighbourhood U of p there is an 
f £ B such that / ^ Cjj, so B ^ Cjj for each open neighbourhood U of p. □ 

We can now characterize the way-below relation on C(A) in operator-algebraic terms. 

Proposition 3.4. The following are equivalent for a C*-algebra A and B,C £ C(A): 

(1) B <C C; 

(2) B £ K(C) and B C C; 

(3) B is finite-dimensional and B C C. 

Proof. By Proposition 12.31 B is finite-dimensional if and only if B is compact, which proves 
the equivalence between (2) and (3). It is almost trivial that (2) implies (1) by unfolding 
definitions. For (1) => (3), assume B C C but B infinite-dimensional. Without loss of 
generality we may assume that C = C{X) for the spectrum X of C. Lemma 13.31 gives 
p £ X with B <£. Cjj for each open neighbourhood U C X of p. Consider the family 

{Cjj | U open neighbourhood of p}. 

By Lemma 12.21 this is a directed family in C(A) with supremum C(X). However, B is not 
contained in any member of the family, and so cannot be way below C = C(X). □ 

This leads to the following characterization of continuity of C(A). 

Theorem 3.5. A C*-algebra A is scattered if and only ifC(A) is continuous. 

Proof. Let C £ C(A). It follows from Proposition 13.41 that { C = K{C) fl fC, whence 
C = V K.{C) n|C if and only if C = V { C. Thus continuity and algebraicity coincide. The 
statement now follows from 12.41 □ 


4. Meet-continuity 


In this section we characterize C*-algebras A for which C(A) is meet-continuous. 
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Definition 4.1. A dcpo is meet-continuous when it is a meet-semilattice, and 

C /\\f Di = \j C Di ( 4 . 1 ) 

for each element C and directed subset {D{\. 

A closed equivalence relation on a topological space A is a reflexive, symmetric, and 
transitive relation R on A that is closed as a subset of A x X in the product topology. 
Closed equivalence relations on A form a complete lattice under reverse inclusion. The 
infimum is simply given by intersection. The supremum is harder to describe, and can in 
general only be given as 

V R n = P| {<5 C X 2 closed equivalence relation j R n C S}. 

In the special case where RoS = SoRwe have R V S = R o S |EE13l Section 6]. By 
the following lemma, meet-continuity of C(C(X)) comes down to the question whether 
R V P| S n D Pi R V S n for closed equivalence relations R and Si 2 ^ ^ 2 • • • on A. 


Lemma 4.2. There is a dual equivalence between closed equivalence relations on a compact 
Hausdorff space X and C(C(X)), that sends R to 

C R = {/ € C( A) | Vx,y <E A: (x,y) € .R => /( x) = f(y)}. 

Proof. The map R i-A Cr is essentially bijective because any C G C(C( A)) corresponds to a 
quotient X -» Spec(C) of compact Hausdorff spaces, which in turn corresponds to a closed 
equivalence relation ~ on A by Spec(C) = A/ ~. Clearly R C S if and only if Cr A Cs- □ 

Notice that Ck, for a C*-algebra C = C( A) and closed subset K C A, is a special 
case of Cr for the closed equivalence relation R = {(x, x) \ x G A} U K 2 C A 2 . In general 
Cr = n.xex C\ X ] R . It will always be clear from the context which of the two is meant. 

Proposition 4.3. There are closed equivalence relations R and S± D S 2 3 S 3 2 ■ ■ • on 
[0,1] such that R\/f}S n ^ f^RV S n . 


Proof. We will construct R and S n similar to the Cantor set; R by keeping the closed 
middle thirds, and S n by keeping the closed first and last thirds. Inductively define numbers 
a a ,b(j,c a ,d a € [0,1] indexed by finite strings a of zeroes and ones: 


0 

II 

vu 

be = 1/3, 

C e = 2/3, 

d. 

= 1 , 

&cr 0 

b a Q CL a + ^{pcr ^<7)3 

Cq-q b (7 g (Per ^<7)3 

daO 

= b ( 7 , 

&crl C(t ? 

b(j\ C(j + ^(t)j 

C(j 1 da 3(^(7 ^< 7 ), 

dal 

da 3 

write A = {(x,x) 

| x G [ 0 , 1 ]} for the diagonal, 

and define 




R = Au U {b a ,c a ] 2 , 

S n = AU \J [a a ,d a ] 2 . 

o-e{o,i} n 


The S n are certainly closed equivalence relations, and P| »Sn = A. 
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Clearly R is reflexive and symmetric. It is also transitive: if (x, y ) and (y, z) in R have 
x R y R z, then (x,y) £ [baiC ^] 2 and (y,z) £ [b T ,c T ] 2 for some a,T £ {0,1}*; but if 
y £ [b a . c„] n [b T ,c r \ then a = r, so (x,z) £ R. The set R C [0, l] 2 is also closed: if 
{% n ,y n ) £ R is a sequence that converges in [0, l] 2 , then either it eventually stays in one 
block [ b a ,c a ] 2 , or it converges to a point on the diagonal. 

In total we see that i? V f} S n = i? V A = R. But we now prove that i? V S n = [0, l] 2 for 
any n, so f} RVS n = [0, l] 2 , and hence S n R f} i?V S n . By induction it suffices to show 
R V Si = [0, l] 2 and S n C i? V S n +i. For the latter it suffices to show (a CT , d a ) £ R V S n +i 
for a £ {0, l} n , which follows from transitivity: 

CLcr — Uyj() S n+ 1 b a o RC(j o S n -)_i d a o — b cT Rca — 0(j i S n+ \ b(j\ Rcq-i S n ^j (R\ — d a . 
Similarly R V S± = [0, l] 2 . □ 

Theorem 4.4. A C*-algebra A is scattered if and only ifC(A) is meet-continuous. 


Proof. If A is not scattered, there is an element of C(^4) that is *-isonrorphic to C([0,1]) by 
Theorem II.211 Therefore we may assume without loss of generality that A = (^([0,1]). But 
it now follows from Lemma 14.21 and Proposition 14.31 that C(A) is not meet-continuous. 

If A is scattered, then C(A) is continuous by Theorem 13.51 But C(A) is also a complete 
semilattice, because the intersection Ci of a family of commutative C*-subalgebras Ci of 
A is again a commutative C*-subalgebra. And continuous dcpos that are also semilattices 
GHK+031 1-1.8], □ 


are meet-continuous 


We can give another characterization of meet-continuity of C(A), namely in order- 
theoretic terms of injective maps B —>■ A. 


Theorem 4.5. The dcpo C(A) of a C*-algebra A is meet-continuous if and only if C(f) is 
Scott continuous for any injective *-homomorphism f:B—*A. 


Proof. Suppose C(f) is Scott continuous for *-homomorphisms / : B A. Let {Di} be a 
directed family in C(A), and let C £ C{A). Write / : C — » A for the inclusion. Then C(f) has 
an upper adjoint C(/)*: C(B) C(A) given by C(f)*(D) = f^lD] [ Linl5l Proposition 2], 
and so C{f)*{Di) = / _1 [Dj] = C C I Dj. Because C(/)* is Scott continuous, 

C n \/ A = C(/)* (\/ Di) = \/ C(/)*[A] = \/cn D, t . 

Hence C(A) is meet-continuous. 
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Now assume C(A) is meet-continuous and let /: B —>• A be an injective ^-homomorphism. 
Write C(/)*: C(B) —> C(A) for the upper adjoint, and let Di be a directed family in C(B). 
Then C(t/?)*(A) C C(/)*( V A), anc l hence 


V = VC(f).( Di ) C C(/)4\/A) 


r 


Ua 



If x £ Z” 1 [V A] is self-adjoint, then /(x) £ V A, and the smallest C*-algebra C = C*(x) 
containing x is in C(B). Hence f[C*(x )] = C(f)[C*(x)] = C*(/(x)). Also C*(f(x )) C \J Di, 
so that f[C] C \J Di. Meet-continuity of C(A) now shows f[C] = V /[C'] D A- Being a 
C*-subalgebra, /[B] is closed in A, so that the injection / restricts to a ^-isomorphism and 
hence a homeomorphism B —> f[B\. Observe that / _1 [S'] = Z -1 ^] for S C /[H]. Hence 


c = r'lfic}} = r 1 [ v no] n a] = r 1 [|J m n a] 

= f- 1 [U n A] = U /- 1 [/[C'] n A c (J / _ 1 [A] = V / - 1 [A]- 

As i £ C, it follows that x G \// _ 1 [A]- Finally, an element of / - 1 [\/A] is a linear 
combination of self-adjoint ones. We conclude that C(/)*( V A) = V C(/)*(A)- HH 


5. Atomicity 

In this section we characterize the C*-algebras A for which C(A) is atomistic. 

Definition 5.1. Let C be a partially ordered set with least element 0. An atom is an 
element C G C such that 0 < C, and there is nothing between 0 and C in the sense that 
B = C whenever 0 < B < C. A partially ordered set is called atomistic if each element is 
the least upper bound of some collection of atoms. 

We begin by identifying the atoms in C(A ). Write C*(S ) C A for the smallest C*- 
subalgebra containing S C A, and say that C*(S) is generated by S. For example, C*({p}) 
is just the linear span Span{p, 1 —p} for projections p 2 = p* = p G A; this is two-dimensional 
unless p is trivial , i.e. 0 or 1, in which case it collapses to the one-dimensional least element 
CIa of C(A). 

Lemma 5.2. jHamlll 3.1]. Let A be a C*-algebra. Then C is an atom in C(A) if and only 
if it is generated by a nontrivial projection. 

Proof. Clearly two-dimensional C are atoms in C(A). Conversely, assume that C is an atom 
of C{A). By Theorem 1 1.71 C — C{X) for a compact Hausdorff space X. If X contains three 
distinct point x,y,z, then C{X) contains a proper subalgebra {/ G C(X) \ /(x) = f(y)} 
with dimensional at least two, which contradicts atomicity of C. Hence X must contain 
exactly two points x and y. Using the ^isomorphism between C and C(X), let p G C be 
the element corresponding to the element of C{X) given by x i —> 1 and j/ 1 —>• 0 for y Z x. It 
follows that C = Span{p, 1 — p}. □ 
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To characterize atomicity we will need two auxiliary results. The first deals with least 
upper bounds of subalgebras in terms of generators. 

Lemma 5.3. Let A be a C*-algebra and C £ C(A). If {Si}i £ i is a family of subsets of C, 
then each C*(Si ) is in C{A), and C* ((J igi - Si) = V ie j C*(Si). 

Proof. For any i £ I, clearly C*(Si ) is a commutative C*-subalgebra of A , and hence an 
element of C(A). 

Writing S = (Jig/ Si, we have Sj C C*(S), and so C*(Sj) C C*(C*(S)) = C*(S). 
Therefore, \f ieI C*(Si ) is contained in C*(S). For the inclusion in the other direction, 
notice that clearly S C \/ i&I C*(Si ), whence 

C*(S) CC*(\J C*{Si) J = V C*(Si). 

Kiel / iei 

This finishes the proof. □ 

The second auxiliary result deals with subalgebras generated by projections. It shows 
that projections are the building blocks for C*-algebras A whose dcpos C(A) are atomistic. 
This explains why mere approximate finite-dimensionality is not good enough to characterize 
algebraicity and/or continuity. See also Section [9] below. 

Proposition 5.4. For a C*-algebra A, a C*-subalgebra C is the least upper bound of a 
collection of atoms of C(A) if and only if it is generated by projections. 

Proof. Let C = C*(P), where P C A is a collection of projections. Then P C C, so that 
C*({p}) C C for each p G P. Since P = (J P <=p{p}i it follows from Lemma [5751 that 

C = C*(P) = V C*({p}). 

pGP 

It now follows from Lemma 15.21 that C is the least upper bound of atoms in C(A). 

Conversely, if C = \J Di for a collection of atoms Di in C(A), we must have Di = 
C*({pi}) for some projections pi £ C. Hence 

C = V <?*({?}) = C*( U {p}) = C*(P), 

peP peP 

where the second equality used Lemma [5731 Thus C is generated by projections. □ 

This leads to the following characterization of atomicity of C{A). 

Theorem 5.5. A C*-algebra A is scattered if and only ifC(A) is atomistic. 

Proof. By Theorem 12.41 it suffices to prove that C{A) is algebraic if and only if it is atomistic. 
Assume that C(A) is algebraic and let C £ C(A). If C = Cl^, then C is the least upper 
bound of the empty set, which is a subset of the set of atoms. Otherwise, it follows from 
Proposition 12.31 that C is the least upper bound of all its finite-dimensional C*-subalgebras. 
Since every finite-dimensional C*-algebra is generated by a finite set of projections, it follows 
from Proposition 15.41 that each element D £ K(C(A))f\\,C can be written as the least upper 
bound of atoms in C(A). Hence C is a least upper bound of atoms, so C(A) is atomistic. 

Conversely, assume C(A) is atomistic and let C £ C(A). Because C being finite¬ 
dimensional implies that it is a least upper bound of K(C(A)) n 4,(7, we may assume C 
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infinite-dimensional. By Lemma 15.21 C = \Z pG pC*({pf) for some collection P of projec¬ 
tions in A. As we must have P C C, all projections in P commute. We may replace 
P by the set of all projections of C, which we will denote by P as well; then we still 
have C = \/ pe p C*({p}). Write F for the collection of all finite subsets of P, and con¬ 
sider the family {C*(F) £ C(A ) | F £ F}. If F £ F, then C*(F) is finite-dimensional, 
and since finite-dimensional C*-algebras are generated by a finite number of projections, 
it follows that this family equals K(C(A)) D fC. Now let F\. F 2 £ F. By Lemma 15.31 
C*(F\) V C*{F 2 ) = C*(F\ UF 2 ), making the family directed. Then: 

c= \J c*({ P }) = v V ^(W) = V 

peP FeTpeF PeP 

where the third equality used Lemma 15.31 Hence C(A) is algebraic. □ 


6. Quasi-continuity and quasi-algebraicity 

In this section we show that for dcpos C(A ) of C*-algebras A, the notions of quasi-continuity 
and quasi-algebraicity, which are generally weaker than continuity and algebraicity, are in 
fact equally strong. 

To define quasi-continuity and quasi-algebraicity we generalize the way below relation 
of a dcpo C to nonempty subsets: write Q <T~L when fHCfQ. This is a pre-order, and we 
can talk about directed families of nonempty subsets. A nonempty subset Q is way below 
another one TL, written Q - CM, when \/ T> £ '['H implies D £ fQ for some D £ T>. Observe 
that {B} <C {C} if and only if B C, so we may abbreviate Q <C {C} to Q ^ C, and 
{C} to C<^. 

Definition 6.1. For an element C in a dcpo C, define 

Fin(C') = {F C C | F is finite, nonempty, and F <C C}, 

KFin(C) = {F € Fin(C') | F < F}. 

The dcpo is quasi-continuous if each Fin(C') is directed, and C D implies D ^ F for 
some F G Fin(C). It is quasi-algebraic if each KFin(C') is directed, and C ^ D implies 
D ^ t F for some F G KFin(C'). 

Intuitively, quasi-continuity and quasi-algebraicity relax continuity and algebraicity to 
allow the information in approximants to be spread out over finitely many observations 
rather than be concentrated in a single one. 

We start by analyzing the way below relation generalized to finite subsets. 

Lemma 6.2. Let A be a C*-algebra, C £ C(A) and F C C(A). Then F € Fin(C') if and 
only if F contains finitely many elements and F <CC for some F € F. 

Proof. Let F contain finitely many elements and assume that FcC for some F € F. Let 
T> be a directed subset of C(A) such that C C y T>. Since F<C, we have F C D for some 
D £ V, so D G t-? 7 - Thus F G Fin(C'). 

Conversely, suppose F G Fin(C'). Then F C and F is nonempty and finite. Now { C } 
is a directed subset whose supremum contains C, so there is some F = {Fi,..., F n } G F 
contained in C. Assume for a contradiction that each Fi has infinite dimension. Write 
X for the spectrum of C, so C ~ C(X). Lemma 13.31 guarantees the existence of points 
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Ph - ■ ■ ,Pn E X with Fj <£. Cjj- for each open neighbourhood Uj C X of p y In particular, 
Fj <£. Pir=i Cpr for each i = 1 ,,n and open neighbourhood Ui of p. t . Consider the family 


{n 



Ui open neighbourhood of pt, 




}■ 


i =1 

It is directed and has supremum C by Lemma 12.21 However, no member of the family con¬ 
tains Fi. If F E T such that F ^ C, we cannot have F C p| Cjj- for any i or neighbourhood 
Ui of pi, because the latter is contained in C by construction, contradicting F <C C . We 
conclude that there must be a finite-dimensional F E F such that F C C. Now F <C C 
follows from Proposition 13.41 □ 


Lemma 6.3. Let A be a C*-algebra and let C E C(A). If F -C C, then {F} E KFin(C'). If 
F E Fin(C'), then F < F' for some F' E KFin(C). 

Proof. Let F<cC. By Lemma [6.21 we have {F} E Fin(C). By Lemma IU~41 we have F«L 
Therefore {F} <C {F}, and so {F} E KFin(C). 

Let F E Fin(C'). By Lemma 16.21 there is an F E F such that F<Cd. The reasoning 
in the previous paragraph shows {F} E KFinC. Since F E F, we have F E f F, and so 
t{F} CfF. We conclude that F < F' for F' = {F}. □ 

We are now ready to characterize quasi-continuity and quasi-algebraicity of C(A). 

Theorem 6.4. A C*-algebra A is scattered if and only if C(A) is quasi-continuous, if and 
only if C(A) is quasi-algebraic. 

Proof. If A is scattered, then C(A) is continuous by Theorem 13.51 Let C E C{A), and 
Fi,F 2 E KFin(C). Since KFin(C') C Fin(C'), it follows from Lemma 16.21 that there are 
F\ E F\ and F 2 E F 2 such that Fi,F 2 <C C. Hence Fi,F 2 E J. C, and since i C is 
directed by continuity of C(A), it follows that there is some F E i C such that F\, F 2 C F. 
Setting F = {F}, Lemma 16.31 shows F E KFin(C). Because Fi,F 2 C F, we obtain 
F = {F} C f F\ n|F 2 , making KFin(C) directed. 

Let B E C(A) satisfy C ^ B. We have to show B fL f F for some F E KFin(C). 
Assume for a contradiction that B E f F for each F E KFin(C). Lemma 16.31 shows that 
{F} E KFin(C') for each F E ! C, whence F C B for each F E ^ C. Therefore \/ 1C F B, 
and by continuity of C(A) we have V C = C, so C C B. This is clearly a contradiction, 
so C(A) must be quasi-algebraic. 

Now assume that C(A) is quasi-algebraic and let C E C(A). Let Fi,F 2 E Fin(C'). 
By Lemma [6.31 there exist elements F'^F^ E KFin(F) such that Fi < F[. By quasi- 
algebraicity, KFin(C) is directed, so there is an F E KFin(C') such that F' l ,F' 2 < F. Hence 
F\, F '2 < F. Since KFin(C) C Fin(C'), it then follows that Fin(C') is directed. Let B E C(A ) 
satisfy C % B. Assume that B E f F for F E Fin(C). Lemma 16.31 provides F' E KFin(C') 
with F < F'. But this means that f F C f F' . Hence B E f F' , which contradicts 
quasi-algebraicity. Therefore we must have B cf f F for each F E Fin(C'), making C(A) 
quasi-continuous. 

Finally, assume C(A) is quasi-continuous. Let Fi,F 2 E | C. By Lemma HOI we have 
{Fi},{F 2 } E Fin(C'), and since Fin(C') is directed, there is an F E Fin(C') such that 
F C |{Fi} n t{F 2 }. In other words, Fi,F 2 C F for each F E F, and since F E Fin(C'), 
Lemma l6.2l guarantees the existence of some F such that F <C C, making l C directed. Let 
B = V l C. Since F C C for each F E l C, we have B C C. If B / C, then C ^ B, so by 
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quasi-continuity there must be an F E Fin(C') with B T. Hence F <£. B for each F € F, 
and in particular, Lemma 16.21 implies the existence of some F € F satisfying F<C, but 
F <£. B. By definition of B we have F C B for each FcC, giving a contradiction. Thus 
C(A) is continuous, and by Theorem 13.51 A is scattered. □ 


7. Scatteredness 


In the previous sections, we have seen that the dcpo C(A ) of a C*-algebra A is nice - in the 
sense of being (quasi-)algebraic, (quasi-)continuous, or atomistic, which are all equivalent 
precisely when A is scattered. In this case, we can turn the domain C(A) itself into 
the spectrum of another C*-algebra, which this section studies. We will use the Lawson 
topology, that turns approximation in domains into topological convergence. 

Definition 7.1. The Scott topology declares subsets U of a dcpo to be open if f U = U, 
and TflW / 0 when V V G 7L The Lawson topology has as basic open subsets U \ f F for 
a Scott open subset U and a finite subset T . 


These topologies capture approximation in the following sense. A monotone function 
between dcpos is Scott continuous precisely when \J f[D\ = for directed subsets 

V (GHK + 03l II-2.1]. Thus Proposition 11.121 shows that C(f ) is Scott continuous. A mono¬ 
tone function between complete semilattices is Lawson continuous precisely when addition¬ 
ally /\ f[D] = f(/\V) for nonempty subsets V [GHK + 03l III-1.8]. 

Proposition 7.2. If A is a scattered C*-algebra, thenC(A) is a totally disconnected compact 
Hausdorff space in the Lawson topology. 


Proof. If A is scattered, then C{A) is both an algebraic domain and a complete semilattice. 
Therefore it is compact Hausdorff in the Lawson topology (GHK + 03l III-1.11], Moreover, 
it follows that C(A) is zero-dimensional | IGHK + 03l III-1.14], which for compact Hausdorff 
spaces is equivalent to being totally disconnected [Wil70l 29.7]. □ 


It follows from the previous proposition that any scattered C*-algebra A gives rise to 
another, commutative, C*-algebra C{X) for X = C(A) with its Lawson topology. Thus we 
can speak about the domain of commutative C*-subalgebras entirely within the language 
of C*-algebras. 

However, there are two caveats. First, the construction from the previous proposition 
is not functorial ( i.e. does not respect unital *-homomorphisms), because of rigorous no- 
go theorems |BH14| . Second, iterating this construction only makes sense in the finite¬ 
dimensional case, as the following theorem shows. 


Theorem 7.3. A scattered C*-algebra A is finite-dimensional if and only ifC(A) is scattered 
in the Lawson topology. 

Proof. Let A have finite dimension, so it is certainly scattered, and C(A) is algebraic. It 
follows that a basis for the Scott topology is given by fC for C compact [GHK+031 II- 
1.15]. Thus sets of the form fC \ f F with C compact and T finite form a basis for the 
Lawson topology. Take a nonempty subset S C C(A), and let M be a maximal element of 
S, which exists by [Linl51 3.16]. Since M must be finite-dimensional too, it is compact by 
Proposition 12.31 Hence t M is Scott open and therefore Lawson open. Maximality of M in 
S now gives S(lfM = {M}, and since f M is Lawson open, it follows that M is an isolated 
point of S. Hence C(A) is scattered. 





















DOMAINS OF COMMUTATIVE C*-SUBALGEBRAS 


19 


For the converse, assume A infinite-dimensional. Then C(A) has a noncompact element 
C, and \.C contains an isolated point if it intersects some basic Lawson open set in a single 
point. Hence 4,C'nt-^\t-7 r must be a singleton for some finite set T C C(A) and some 
compact K € C(A). In other words, [K,C\ \J~ is a singleton, where [K, C] is the interval 
{D € C(A) j K C D C C}. Since C is infinite-dimensional and scattered (by Theorem ll.2! D . 
there are infinitely many atoms in [. K , C]: for C is atomistic by Theorem 15.51 and hence 
dominates infinitely many atoms Ci, but K is finite-dimensional by Proposition 12.31 so that 
Ci V K, excepting the finitely many Ci < K, give infinitely many atoms in [K,C\. Hence 
there is no finite subset T C C(A) making \K,C] \t-T a singleton. We conclude that \,C 
has no isolated points, so C(A) cannot be scattered. □ 


8. Order-scatteredness 

Just like there is an established notion of scatteredness for topological spaces and C*- 
algebras, there is an established notion of scatteredness for partially ordered sets. This 
section shows that the two notions diverge and should not be confused. 

Definition 8.1. A chain is order-dense if none of its elements covers another one, i.e. if 
x < z then x < y < z for some z. A poset is order-scattered when it does not contain an 
order-dense chain of at least two points. 

Lemma 8.2. If a C*-algebra A is not scattered, then C(A) is not order-scattered. 

Proof. If A is not scattered it has a commutative C*-subalgebra with spectrum [0,1] by 
Theorem 11.211 so without loss of generality we may assume A = C'([0, 1]). Consider 

{C [ X ,!] |®6[0,1)}CC(4 

Because Cy x ^ C if and only if x < y, this set is order-isomorphic to the order-dense 

chain [0,1) via the map (7[ Xjl ] i-A x. □ 

Lemma 8.3. Let X be an infinite scattered compact Hausdorff space, and let A = C(X). 
Then C(A) is not order-scattered. 

Proof. First observe that X must contain an infinite number of isolated points, for if X had 
only finitely many isolated points x\,... ,x n , then X \ {xi,... ,x n } would be closed and 
hence contain an isolated point x n+ \ , which is also isolated in X because X \ {xi, ..., x n } 
would be open. Choose a countable set Y of isolated points of X. Note that Y is open, but 
cannot be closed because X is compact. Let Z = Y\ Y be the boundary of Y. Since Y is 
open, Z is closed. Moreover, if S C Y, then Z U S = (Y \ Y) U S = S \ (Y \ S) is closed 
because Y\S consists only of isolated points and hence is open. As Y is countable, we can 
label its elements by rational numbers Y = {x g } gG Q. For each q £ Q, set 

K q = Z U {x r | r < q}, 

and notice that I\ q is closed and infinite. Now q > K q is an order embedding of Q into the 
set X(X) of all closed subsets of X with at least two points, partially ordered by inclusion. 
In turn, K > Ck is an order embedding of T(X) op into C(A). Composing gives an order 
embedding Q op —> C(A), and therefore an order-dense chain in C(A). □ 
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Theorem 8.4. A C*-algebra A is finite-dimensional if and only if C(A ) is order-scattered. 

Proof. If A is finite-dimensional, then so is each C £ C(A). Hence all chains in C(A) have 
finite length, and therefore cannot be order-dense. That is, C(A') is order-scattered. 

For the converse, assume that A is infinite-dimensional. We distinguish two cases. If A 
is not scattered, then Lemma 18.21 shows that C(A) is not order-scattered. If A is scattered, 
then it has a maximal commutative C*-subalgebra with scattered spectrum X. Because 
C(X) must be infinite-dimensional [ RK911. 4.6.12], X is infinite. Now Lemma 18.31 shows 
that C(C(X)), and hence C(A), is not order-scattered. □ 


9. Projections 

An element p of a C*-algebra A is a projection when p 2 = p = p*. The projections form a 
partially ordered set Proj(A) where p < q if and only if p = pq. For example, the projections 
of C(X) are precisely the indicator functions of clopen subsets of X. In general, if p is a 
projection then so is 1 — p , and in fact the projections form an orthomodular poset. 

Definition 9.1. A partially ordered set P is an orthomodular poset when it has a greatest 
element 1 and comes equipped with an operation _L: P —>• P satisfying for all p,q £ P: 

• p 2 - 1 = p\ 

• if p < q, then q 2 - < p , 

• p and p 2 - have least upper bound 1; 

• if p < q 2 -, then p and q have a least upper bound; 

• if pP q 2 " and p and q have greatest lower bound 0 = 1, then x = y 2 ~. 

Thus, if a C*-algebra has many projections, it is intuitively rather disconnected. To be 
precise, a topological space is Stonean , or extremally disconnected , when the closure of an 
open set is still open. The operator algebraic version is as follows |Ber72| . 

Definition 9.2. An AW*-algebra is a C*-algebra A such that Proj(A) is a complete lattice, 
and every maximal C £ C(A) is generated by its projections. 

Equivalently, but more in line with our purposes, an AW*-algebra is a C*-algebra whose 
maximal C*-subalgebras have Stonean spectrum | !SW15l Theorem 8.2.5]. In particular, 
any von Neumann algebra or W*-algebra is an AW*-algebra. In this section we consider 
variations on C(A) that cooperate well with projections. We start with approximating an 
AW*-algebra by its commutative AW * - s u b a 1 ge b r as. 

Definition 9.3. A AW*-subalgebra of an AW*-algebra A is a C*-subalgebra C C A that 
is an AW*-algebra in its own right, with the same suprema of projections as in A. Write 
A(A) for the partially ordered set of AW*-subalgebras of A under inclusion. 

There is a similar notion V(A) of W*-subalgebras of a W*-algebra A, that is studied 
in jDB12j . The about definition is more general, as V(A) = A(A) for a W*-algebra A. 

Proposition 9.4. For an AW*-algebra A there is a Galois correspondence 

A(A) ; _L ; C(A) 

where the upper adjoint maps a C*-subalgebra C £ C(A) to the smallest AW*-subalgebra of 
A containing it. Hence A(A) is a dcpo. 
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Proof. Write C' = f]{W E 4(4) \ C C W} for the smallest W*-subalgebra of A containing 
C E C(4). If C C D, then clearly C' C D'. By construction we have C' C IF if and only if 
C C IF, for C E C(4) and IF E 4(4). Finally, notice that W' = IF for IF E 4.(4). □ 

Next we characterize the AW*-algebras 4 whose dcpos C(4) and 4(4) are continuous, 
extending [DB12I 6.1]. This needs the following lemma. 

Lemma 9.5. Compact Hausdorff spaces that are scattered and Stonean must be finite. 
Proof. Consider the open and discrete set 

U = {x E X | {x} is closed and open}. 

Assume that X \ U 4 0. By scatteredness, {x} is open in X \ U for some x E X \ U. 
Therefore X \ (U U {x}) = (X \ U)\ {x} is closed in X \ U and hence closed in X. Thus 
both {x} and X \ (U U {x}) are closed subsets. Since X is compact Hausdorff, there are 
disjoint open subsets V\ and V 2 containing x and X \ (U U {x}), respectively. We may 
assume V\ is closed because X is Stonean. Observe that V\ is infinite; otherwise V\ \ {x} 
would be closed and {x} = V\ \ ( V\ \ {x}) open, contradicting x ^ U. Hence V\ \ {x} 
is infinite, too. Pick two disjoint infinite subsets Wi,W 2 covering V\ \ {x}. Since Wi is 
contained U, it must be open. If Wi were closed, then it is compact, contradicting that it 
is both discrete (as subset of U ) and infinite. So IF, C W % C V\. Moreover, IF,; 0 Wj = 0 
for i 4 j, and W\ U W 2 = V\ \ {x}, so Wi = Wi U {x} whence W\ 0 W 2 = {x}. Since X is 
Stonean, IF* is open, whence {x} is open, contradicting x ^ U. Hence X = U, and since U 
is discrete and compact, it must be finite. □ 

Theorem 9.6. The following are equivalent for an AW*-algebra A: 

• C(A) is continuous; 

• C(A) is algebraic; 

• 4(4) is continuous; 

• 4(4) is algebraic; 

• 4 is finite dimensional. 

Proof. If C(A) is algebraic or continuous, then 4 is scattered by Theorems 12.41 and 13.51 The¬ 
orem 11.211 then implies that all maximal commutative C*-subalgebras of 4 are scattered. 
But maximal C*-subalgebras are automatically AW*-algebras by Proposition 19.41 and scat¬ 
tered commutative AW*-algebras are finite-dimensional by Lemma 19.51 Since all maximal 
commutative C*-subalgebras of 4 are finite-dimensional, so is 4 itself [RK831 4.12], 

Clearly, finite-dimensional 4 have continuous/algebraic dcpos C(4) and 4(4). Finally, 
we show that 4 is finite-dimensional when 4(4) is continuous by contraposition. Suppose 
4 is infinite-dimensional. Pick a maximal commutative C*-subalgebra C C 4; its Stonean 
spectrum X will have infinitely many points, and by compactness hence a non-isolated 
point x. Any other point y\ E X is separated from x by a clopen U\, and induction gives a 
sequence of disjoint clopens U\, U 2 , ■ ■ ■■ Their indicator functions form an infinite set P of 
pairwise orthogonal projections in 4. 

Let / C P be an infinite subset with infinite complement. Its supremum p = \J I 
is nonzero. Choosing some nonzero q E P C I gives rq = 0 for each r E I, and hence 
pq = 0 }Ber72i. Proposition 3.6], so that p 4 1- By Lemma [5721 C*(p) is an atom in C(4). 
Consider the directed family { C*(F ) F C P finite} of elements of 4(4), whose supremum 
contains p. We will show that no element C = C*({p\ ,... ,p n }) of the family can contain p. 
Observe that p n +i = Pi £ C is orthogonal to each pi,... ,p n , and hence Pi = 
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1. Therefore C = C*{{p 1 ,... ,p n +i}) = Spanjjq,... ,p n +i} = Span{pi,... ,p n , 1}. If p were 
in C , we could thus write it as p = XiPi + Xl for some coefficients A, Aj. Pick a nonzero 

element q £ I distinct frompi,... ,p n . Because q < p we find q = qp = Yli =l = Mi 

whence A = 1. Now pick a nonzero element q £ P\I distinct from pi, ■ ■ ■ ,p n ■ Then qp = 0 
and hence qpi = 0 for each i = 1,..., n. Thus q = XT=i ^QPi + Q = QP = 0, and p cannot be 
contained in C. Therefore C*(p) is not compact, but since it is an atom of M(A), it is way 
above the bottom element only. Hence \J C*{p ) A C*(p), and M(A) is not continuous. □ 

We conclude that, at least from a domain-theoretic perspective of approximating quan¬ 
tum computations by classical ones, von Neumann algebras are a lot less interesting than 
C*-algebras. Any C*-algebra A can be turned into a von Neumann algebra by taking its 
double dual A**, also called the enveloping von Neumann algebra jTakOOj . This in fact 
gives an adjunction of categories showing that von Neumann algebras form a reflexive sub¬ 
category of C*-algebras |Dau721 3.2]. There are many examples of C*-algebras A for which 
C(A) is continuous but C(A**) is not: any infinite-dimensional scattered C*-algebra will do, 
such as C(X ) for the infinite compact Hausdorff scattered spaces X of Example 11.191 

Finally, we consider the variation Caf(A) of the partially ordered set of approximately 
finite-dimensional commutative C*-subalgebras of A, and show that it is isomorphic to all 
Boolean subalgebras of projections. 


Definition 9.7. Let P be an orthomodular poset. A subset B that is closed under X and 
for which the meet and join of any two elements in B exists in P and is contained in B 
is called a Boolean subalgebra of P. We denote the set of all Boolean subalgebras of P by 
B(P), which we partially order by inclusion. 

Theorem 9.8. If A is a C*-algebra, then Caf(A) ~ B(Proj(A)) via C Proj(C). 


Proof. Let A be a C*-algebra. Write /: Caf(A) -a- B(Proj(A)) for the map C i-A Proj(C). 
Define g: £>(Proj(A)) —>■ Caf(A) by g(B ) = C*(B)-, the proof of Proposition 15.41 shows 
that this is well-defined. Both / and g are clearly monotone. Moreover, if C £ CaF(A), 
then C*(Proj(C')) = C , so that g{f{C)) = C. Now let B £ £>(Proj(A)). Say that B is 
isomorphic to the Boolean algebra B{X) of clopen subsets of the Stone space X. There 
is an isomorphism B(X) ~ Proj(C'(A)). Hence we may assume that B = Proj(C(X)) for 
some Stone space X. Now C*(B) = C'*(Proj(C(A))) = C(X), whence Proj(C'*(H)) = B , 
so that f(g(B)) = B. Therefore / and g are inverses. □ 

It follows that Caf(A) is an algebraic complete semilattice, whose compact elements 
are precisely the finite-dimensional commutative C*-subalgebras Lin Hi . 6.1.2]. This gener¬ 
alizes [OKM72] from Boolean algebras to arbitrary orthomodular posets. See also (Heul4cj . 


Remark 9.9. Because an approximately finite-dimensional C*-algebra is a directed col¬ 
imit of finite-dimensional C*-algebras, one might wonder whether the functors C or Caf 
preserve directed colimits^ The category of dcpos (and Scott-continuous functions) has all 
such directed colimits jGHK + 03l Proposition IV-4.3]. When all the maps in the diagram 
have S cott co ntinuous upper adjoints, the limit of these adjoints equals the colimit of the di¬ 
agram jGHK + 03 Theorem IV.4-5]. Now, if a C*-algebra A is the dense union of a directed 
family of finite-dimensional C*-algebras Aj, then C(AA is a directed diagram of algebraic 
dcpos. But then colimC(Aj) is also an algebraic dcpo jGHK + 03l Corollary IV-4.11], Hence 
A i—^ C(A) can at most preserve directed colimits for scattered A, and the functor C cannot 
preserve directed colimits of arbitrary finite-dimensional C*-algebras. 
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Nor can the functor Caf preserve directed colimits of scattered approximately finite¬ 
dimensional C*-algebras A = colimAj. To see this, note that Caf^O = C(AQ for each 
finite-dimensional Ai only contains compact elements by Proposition 12.31 Therefore all 
elements of colimCAF^) are compact, too. But Caf(^) must contain non-compact elements 
if A is infinite-dimensional. To see this, not that an infinite-dimensional but approximately 
finite-dimensional C*-algebra A has a strictly increasing sequence of finite-dimensional C*- 
subalgebras Ai. Choose maximal commutative C*-subalgebras C\ C Ai with Ci C C 2 C 
C 3 C • • • . Then V"= l Cf is an infinite-dimensional but approximately finite-dimensional 
commutative C*-subalgebra of A. 
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